Finite element methods for problems given in complex domains are often based on tetrahedral meshes. This paper demonstrates that the so-called rational Large Eddy Simulation model and a projection-based Variational Multiscale method can be extended in a straightforward way to tetrahedral meshes. Numerical studies are performed with an inf-sup stable second order pair of finite elements with discontinuous pressure approximation.
Introduction
The accurate simulation of turbulent incompressible flows is a major challenge, as not all scales appearing in a turbulent flow can be simulated. Popular methods for simulating turbulent flows include Large Eddy Simulation (LES) [1] , which decomposes the flow field into large (resolved) scales and small (unresolved) scales and aims at an accurate simulation of only the large scales. Variational multiscale (VMS) methods are a rather new alternative to the classical LES, based on ideas from [2, 3] , with first applications to turbulent flow simulations in [4] . An essential difference to classical LES is the definition of scales by projections into appropriate function spaces, rather than the classical spatial averaging (filtering).
The simplest and (for this reason) most popular LES method is the Smagorinsky LES model [1, 5] . It adds a nonlinear eddy viscosity model to the momentum equation. This model contains a parameter which is chosen in practice, either as a constant (static Smagorinsky model) or a posteriorly as a function of space and time (dynamic Smagorinsky model, [6, 7] ).
A main issue in LES is the modeling of the so-called Reynolds stress tensor in terms of the large scales defined by spatial filtering. Using the Gaussian filter, the key of deriving a model consists in approximating the Fourier transform of this filter with a simpler function. An early proposal from [8] used a second order Taylor polynomial. However, it turned out that this model does not damp the high wave number components appropriately. Based on this observation, in [9] , it was proposed to use a second order rational approximation. The resulting LES model is called rational LES model. Details of its derivation can be found in [9] [10] [11] . Numerical studies [10, 12] show that this model alone does not suffice for stable simulations of turbulent flows. Another model for the so-called subgrid scale tensor is needed. For this purpose, the static Smagorinsky model is often used; see the simulations in [10] [11] [12] .
There are drawbacks in the way LES defines the large scales. The assumed commutation of spatial filtering and spatial differentiation does not hold in bounded domains (as often given in applications) or for non-constant filter widths. A mathematical analysis of the resulting commutation errors shows that they are non-negligible in the vicinity of the domain's boundary [10, [13] [14] [15] . In addition, correct boundary conditions for the spatially averaged large scales are not known; see [9, 10, 16] for explanations and proposals. The definition of large scales by variational projections, in the way it is done in VMS methods, avoids these difficulties.
For an introduction as well as a review to VMS methods we refer to [4, 17, 18] . Meanwhile, there exist several realizations of VMS methods, [19] [20] [21] , and the available proposals are quite different. We will concentrate here on finite element VMS (FEVMS) methods. See the review in [19] for VMS methods based on other discretizations. This paper considers a VMS method which relies on a three-scale decomposition of the flow field into large, resolved small and unresolved (small) scales [22] . Assuming that the direct influence of the unresolved scales onto the large scales can be neglected, the influence of the unresolved small scales is described by a model which acts directly only on the resolved small scales rather than on all resolved scales, which is the case in the classical LES. The parameters of this socalled projection-based FEVMS method are the turbulence model acting directly on the resolved small scales, and the finite element spaces defining the scale separation. Almost all numerical simulations with VMS methods use eddy viscosity models of Smagorinsky-type, for instance [19, [22] [23] [24] [25] [26] [27] . Such a model will be considered also here. Regarding the spaces for the scale separation, the projection-based three-scale FEVMS method uses standard finite element spaces for all resolved scales. The separation of the large scales and the resolved small scales is achieved via an additional space for the large scales. The projection for the definition of the scales is given explicitly as an additional equation.
Numerical studies with the projection-based FEVMS method [19, 21, 26] have shown that the choice of the large scale space has a high impact on the results. This space controls the effect of the turbulence model. In these studies, the additional large scale space has been chosen a priorly, being the same for all mesh cells, and remained unchanged during the whole simulation. It could be observed that the influence of the actual form of the turbulence model on the results was considerably smaller than the influence of the large scale space. Considering this, and the fact that in a turbulent flow not every region of the flow domain presents the same amount of turbulence, in [20] an extension of the projection-based FEVMS method was presented, where the large scale space was computed a posteriorly and adaptively, allowing different local large scale spaces in different mesh cells. This way, the effect of the turbulence model was controlled by an appropriate local choice of the large scale space.
The goal of this paper consists in demonstrating that the rational LES method and the projection-based FEVMS method can be extended straightforwardly to discretizations on tetrahedral grids. This fact seems to us to be important since the complexity of the domains in applications often does not allow the use of hexahedral meshes. In addition, there are many more mesh generators for tetrahedral meshes available than for hexahedral meshes. On the other hand, standard benchmark problems for turbulent flow simulations, like decaying isotropic turbulence or turbulent channel flows, are defined on rather simple domains, such that the vast majority of simulations which can be found in the literature uses discretizations which are well suited for such domains, like finite difference methods or spectral methods.
An important observation for a multitude of simulations of incompressible flows on hexahedral grids was that an inf-sup stable pair of finite elements with second order velocity and first order, discontinuous pressure (Q 2 /P disc 1 ) performed best with respect to the ratio of accuracy and efficiency [28, 29] . The straightforward extension of this pair to tetrahedra does not satisfy the inf-sup condition. An enrichment of the velocity space with bubble functions (cell and face bubbles) becomes necessary [30] , leading to the P bubble 2 /P disc 1 pair of finite element spaces, which will be used in the simulations presented in this paper. In addition, the use of a velocity finite element of at least second order is important for the application of the projection-based FEVMS [22] . To our best knowledge, numerical studies of incompressible turbulent flows in three dimensions using this pair of finite elements are not yet available.
The paper is organized as follows. Section 2 presents the turbulence models. Details of the discretizations are provided at the beginning of Section 3. This section contains also the numerical studies. Section 4 gives a summary of the results.
The turbulence models

The incompressible Navier-Stokes equations
Incompressible flows are governed by the incompressible Navier-Stokes equations. We consider a space-time domain
where Ω is bounded, connected, with polyhedral boundary ∂Ω. The problem consists of solving the following equations for u, the fluid velocity and p, the pressure:
with f being an external force, ν the kinematic viscosity, assumed positive and constant, u 0 the initial velocity field, , ranging from very large ones to very small ones. Present days simulation capacities allow discretizations (grids) which can represent only the largest scales. This is a fundamental difficulty of turbulent flow simulations since the small scales, which cannot be resolved and consequently not be simulated, are important for the turbulent character of the flow [31] . Turbulence modeling aims to model the influence of the unresolved scales onto the resolved large scales.
The Smagorinsky LES model
Let Ω = R 3 . LES starts by defining large scales (u, p) by spatial averaging
The parameter δ(y) is the so-called filter width and g(·) is the filter function. The small scales or fluctuations are defined by
The derivation of equations for the large scales starts by filtering the Navier-Stokes equations (1).
Assuming that filtering and differentiation commute, one ends up with the space averaged Navier-Stokes equations
with the Reynolds stress tensor
As already mentioned in the introduction, the commutation assumption is in general not valid, in particular if Ω is a bounded domain [10, [13] [14] [15] . For bounded domains, the usual way in LES practice consists in restricting (2) to Ω. 
where C S is a parameter and · F the Frobenius norm of a tensor. If C S > 0 is chosen to be a constant, (4) is called the static Smagorinsky model. A good choice of C S is in general difficult. In fact, the static Smagorinsky model turns out to be in general too diffusive. There is a so-called dynamic Smagorinsky model [6, 7] which computes C S a posteriorly in space and time. However, recent studies show that the parameters obtained in this way can much differ from optimal parameters [32] . The Smagorinsky LES model possesses more favorable analytical properties than the Navier-Stokes equations. For instance, the existence and uniqueness of a weak solution can be shown [33, 34] and finite element estimates can be found in [35] .
The rational LES model
The derivation of the rational LES model starts by considering the Fourier transform of the individual terms of the Reynolds stress tensor (3) , where the filter function is the Gaussian filter
with the constant filter width δ > 0. Approximating the Fourier transform of this filter with a rational function (second order Padé approximation), one gets after applying the inverse Fourier transform and neglecting terms of higher order [9] [10] [11] 29] R(u, u) ≈ δ
In this derivation, the subgrid scale term u u T contributes only to the higher order terms and it is consequently modeled by zero. Numerical studies have shown that this model is not sufficient [12] . There are several proposals for appropriate models of u u T [10, 11] . We will use here the static Smagorinsky model such that the momentum equation of the rational LES model becomes
The projection-based FEVMS method
VMS methods are an approach to control the influence of the turbulence model in an appropriate way. This is done by choosing resolved scales which are directly influenced by this model. The projection-based FEVMS method uses standard finite element spaces to model all resolved scales, and an additional space is introduced in order to decompose the resolved scales into large and small ones. The large scales are defined by a variational projection into this large scale space, the projection being given explicitly as an additional equation. Together with the unresolved scales, a three-scale decomposition of the flow field is achieved. The decomposition of the resolved scales will control the direct influence of the turbulence model.
VMS methods are based on a variational formulation of the underlying equation. Let V h ×Q h be the pair of inf-sup stable, conforming finite element spaces for the velocity and pressure. Consider the additional large scale space as being the finite 
The 
introduced by the projection-based VMS methods in the momentum equation, acts directly only on the resolved small scales.
The parameters of (6) Numerical studies [19, 21, 22, 26] have shown that the choice of the large scale space L H is crucial for the obtained results. Already in [22] , it has been proven that for the efficiency of the projection-based FEVMS method, L H must be a piecewise polynomial but across the mesh cells discontinuous finite element space. Recently, in [20] , this method has been extended such that L H can be chosen a posteriorly with allowing different polynomial degrees in different mesh cells K . The aim is to adjust the local influence of the turbulence model according to the local turbulent character of the flow by an appropriate scale separation.
The a posteriori choice of L H has to be controlled. For this purpose, the local L 2 -norm of the resolved small scales
H is used. In the numerical studies, the velocity finite element space will be P bubble 2
. Then, for K being a mesh cell of a triangulation T h , L H (K ) is allowed to vary from the space consisting only of the zero tensor, denoted by P 00 (K ), to P 0 (K ), P disc 1 (K ), and P disc 2 (K ) (the index disc indicates the discontinuity across the mesh cells). Thus, the local effect of the turbulence model varies from being locally applied to all resolved scales, for a strong turbulent character (P 00 (K )), to (almost) being switched off (P disc 2 (K )) for flow regions more or less laminar. In order to allow the possibility of switching off the turbulence model, we even set ν T = 0 for subregions with very little turbulence.
The adaptive FEVMS considers the size of the resolved small scales
as local indicator of the amount of turbulence. The assumption behind this indicator is the expectation that in regions with high turbulence, where the size of the unresolved scales is large, also the size of the adjacent class of scales (the small resolved scales) is large. These indicators have to be compared with a reference value. The numerical studies presented below will use the arithmetic mean η of the local indicators. This choice has been proven reasonable in [20] . The local space L H (K ) will be determined as follows:
Compared with the projection-based FEVMS method with static large scale space L H , the computation of G H and η K is an additional work. In addition, more matrices have to be updated during the simulation if the space L H is changing. In the simulations presented below, the space L H will be updated at each discrete time.
Numerical studies
The discretization of the models
The Crank-Nicolson scheme with an equidistant time step ∆t was used for the temporal discretizations of the equations.
This is an efficient and accurate scheme for equations modeling incompressible flows [37] . The discretization in space was pair of finite elements, see [30] . Discontinuous pressure approximations lead to weakly divergence-free velocity fields on each mesh cell. In addition, coupled multigrid solvers turn out to work efficiently for discontinuous pressure approximations [28, 29, 38] . The nonlinearities of the equations were solved by a fixed point iteration.
For evaluating the last term on the left hand side in the rational LES model (5), an auxiliary problem equipped with homogeneous Neumann boundary conditions was solved, see [11] for details. For the FEVMS method, the fully implicit approach from [22] was used, see also [20] . All numerical simulations were performed with the code MooNMD [39] .
The turbulent flow around a cylinder
The benchmark problem of a turbulent flow around a cylinder with squared cross-section at Re = 20 000 was defined in [40] . The flow domain is presented in Fig. 1 . The inflow is prescribed by u(t, 0, y, z) = (1 + 0.04 rand, 0, 0) T , with rand being a random number in [−0.5, 0.5], the noise serving to stimulate the turbulence. At the column, no-slip boundary conditions were prescribed, whereas outflow boundary conditions were set at x = 2.5 and free slip condition on all other boundaries. The Reynolds number of the flow Re = 22 000 is based on the mean inflow U ∞ = 1 m/s, the edge size of the cylinder D = 0.1 m and the viscosity ν = 1/220 000. It is assumed that no external forces act on the flow. Table 1 . For the constants in the choice of the adaptive large scales, the same values found to be appropriate in [20] were considered.
The results show that c l,rms was predicted by all simulations within the experimental interval. The time-averaged draḡ c d was overpredicted in all cases. Only the rational LES model was able to predict the corresponding rms value within the experimental range. However, one of these simulations showed a considerably larger error in the Strouhal number in comparison with all other simulations. It can be clearly seen that the VMS method with adaptive large scale space improved the results compared with the static uniform choice of this space. Firstly, we never observed a blow up in the adaptive VMS method and secondly, the time-averaged drag is clearly closer to the experimental value than for the VMS method with piecewise constant tensors.
The flow through a reactor with a torispherical head
This example considers a type of reactor geometry which is used in chemical engineering. For this geometry, we were not able to manually construct a hexahedral grid and we had no access to a hexahedral grid generator. Thus, a tetrahedral grid generated with TETGEN [41] was used in the simulations. Since there are no benchmark simulations available for flows through this kind of reactor, we will only show that the indicator (7) of the local turbulence intensities returns correct answers.
The geometry of the reactor is sketched in Fig. 2 . It is a standard configuration flat flange cylindrical vessel of diameter D 1 with a torispherical head (defined as by DIN 28011 standards) and a flat closed surface. These kinds of heads have a dish with a fixed radius f D , whose size depends on the type of torispherical head. The transition between the cylinder and the dish is made by a toroidal shape. The dish has a radius that equals the diameter of the cylinder it is attached to, f D = D 1 . The Table 1 Turbulent flow around a cylinder with square cross-section. Time-averaged coefficients and rms values. In the VMS method with adaptive large scale space, C S = 0.01 has been used. (Fig. 3) .
A high turbulence can be expected first at the inlets. There, the situation is similar to a backward facing step, and recirculation appears. A second subdomain with high turbulence will be in the torispherical head. The jets from the inlets will reach the head, they will be directed to the outlet and they will merge. In contrast, relatively low turbulence can be expected in the cylindrical vessel away from the jets. Fig. 4 shows that all expectations are correctly met by the indicator.
Summary
The paper studied several turbulence models on tetrahedral meshes. In particular, it was shown that a FEVMS method with an adaptive large scale space can be extended in a straightforward way to such meshes. Computations were performed with the P bubble 2 /P disc 1 pair of finite element spaces. One could not distinguish one method to be better than all other ones. Only the adaptive VMS method gave improved results in comparison with the VMS method with uniform static large scale space. In addition, it was shown at a flow through a reactor that the indicator of the adaptive VMS method predicts the distribution of the turbulence intensities correctly. 
